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ABSTRACT 

In  this  paper  a  nonlihear  Dirichlet  problem  for  the  Laplace  operator  is 
considered  on  a  disc  in  1r.  It  is  shown  that  if  the  nonlinearity,  which  may 
explicitly  depend  on  the  radial  variable,  is  odd  and  superlinear  at  infinity, 
there  exist  infinitely  many  non-radial  solutions.  If  the  nonlinearity  is  odd 
and  sublinear  at  infinity,  and  satisfies  certain  conditions  at  zero,  a  finite 
number  of  radial  and  non-radial  solutions  will  be  found.  This  mmtiber  is  given 
by  the  number  of  radial,  respectively  non-radial,  eigenvalues  that  are  crossed 
by  the  nonlinearity.  In  any  case,  as  a  consequence  of  the  oddness  of  the 
nonlinearity,  these  solutions  inherit  the  nodal  line  structure  of  the 
eigenfunctions  corresponding  to  the  eigenvalues  that  are  crossed. 

The  results  are  obtained  by  using  natural  constraints  in  a  variational 
approach  of  the  problem. 
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SIGNIFICANCE  AND  EXPLANATION 


For  the  nonlinear  Dirichlet  problem  on  the  unit  disc  DC  l?t 


(•) 


-Au  -  g(rfu)  in  D  »  {(r,0)  x  r  «  [0,1],  06  (-»,*]} 

u(1,0)  ■  0  for  -w  <  0  <  w 


Where  g  is  a  given  function  which  ia  odd  in  u,  known  multiplicity  results 
for  solutions  of  (*)  provide  not  much  information  because  of  the  invariance  of 
solutions  for  rotations  in  R2.  Therefore  we  distinguish  between  radial 
(i.e.  0-independent)  and  non-radial  (explicitly  on  0  dependent)  solutions* 
The  non-radial  solutions  we  will  look  for  are  odd  in  0.  Thinking  of  the 
functions  on  D  as  being  defined  for  all  0,  and  2w-periodic  in  0 ,  we 
shall  also  consider  "superharmonic"  solutions*  i.e.  solutions  with  period 
2»/2,  2*/3, . . .  in  0.  The  sets  of  superharmonic  functions  are  natural 
constraints  for  the  functional  of  which  (+)  is  the  Euler-La grange  equation, 
i.e.  the  critical  points  of  this  functional  provide  solutions  of  (*)  even  in 
case  it  is  restricted  to  these  subsets.  In  that  way  we  show,  under  the  sole 
condition  that  g  grows  faster  than  any  linear  function  at  infinity  (the 
superlinear  case),  that  there  exist  infinitely  many  non-radial  solutions  of 
(*).  If  g  is  bounded  above  by  a  specific  linear  function  at  infinity  (the 
sublinear  case),  and  if  g  satisfies  certain  conditions  at  u  »  0,  a  finite 
number  of  radial  and  non-radial  solutions  will  be  found.  This  number  is  given 
by  the  number  of  radial,  respectively  non-radial,  eigenvalues  that  are  crossed 
by  the  nonlinearity  .u  *—>  g(«,u)  as  u  runs  from  0  to  •.  In  any  case, 
the  solutions  inherit  the  nodal  line  structure  of  the  eigenfunctions  which 
correspond  to  the  eigenvalues  that  are  crossed. 


The  responsibility  for  the  wording  and  views  expressed  in  this  descriptive 
summary  lies  with  NEC,  and  not  with  the  author  of  this  report. 
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TO  EOONBARY  VALUE  PR08LKK8  ON  OOHAIMS  WITH  ROTATION  8YMISTRY  TiS  ° 

l'::3»onounc*d  Q 

E.  w.  c.  van  Qroassn*  ;  justification _ 


Consider  for  •  —oath,  bounded  a— in  0  C  tP,  and  a  given  function  Distribution/ 

9  •  Ca(Q  X  *,*>,  with  a  e  (0,1),  the  EVP  Avnil«Mllty  Cedes 

A  vs ii  and/or 


-Au  “  g(x,u)  in  0 
u  -  0  on  M  . 


, r  i a : 


J _ 


writing 


G(x,u)  t-  J  g(x,*)ds  , 
0 


COPy 

^nspEcTeo 


it  in  well  known  that  under  suitable  growth  conditions  on  g  classical  solutions  of  (1) 
a*a  in  sn  one-to-one  correspondence  with  the  critical  points  of  the  functional  p,  given 


<2>  ♦(»)  «-!*  J  |Tu|2  -  j  0( »,u)  , 

a  a 

on  the  usual  Sobolev  space  ft1 (Q.R)  of  Lj-functiona  which  have  generalised  derivatives 

r 

in  Lj  and  which  vanish  on  the  boundary.  Tor  the  nora  we  shall  take 

lul  {J  lYul3}1^,  u  6  I’ta.R)  . 

a 

Using  critical  point  theory,  the  ala  is  to  get  information  about  the  number  and  properties 
of  solutions  of  (1). 


■Nsthsmatloal  Institute,  Catholic  Ohiversity  of  Nijmegen,  The  Netherlands. 
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la  the  following  we  shall  writs  X1  <  Xj  <  Xj  <  • • •  for  tha  successive  (distinct) 
eigenvalues  of  tha  linear  eigenvalue  problaa  associated  with  ( 1 ) i 

(-Au  -  Xu  in  8 
u  -  0  on  JO  . 

Let  ue  first  recall  a  classical  result.  Consider  the  following  conditional 

(H0)  nor  every  x  e  8,  the  function  u  *— >  G(x,u)  is  an  even  function. 

(R1 )  The  function  G  ia  subquadratic  at  infinity  in  the  following  sensei 

11a  sup  \  X  for  all  x  e  8  . 

Iu|««  |u|2 

(Bj)^  There  exists  a  n unbar  y  >  0  such  that 

lia  inf  SiSiSl  >  Vi  y  for  all  x  e  8  . 
lu|*0  |u|2 

TmOWM  A  (Clark  (1]) 

Suppose  that  G  satieties  conditions  (Hq),  (H1 )  and,  for  seas  y  >  0,  (Hj)^. 

Then  the  BVP  (1)  has  at  least  j  (pairs)  of  distinct  solutions,  where  j  is  the 
nuaber  of  linearly  independent  eigenfunctions  belonging  to  eigenalues  not  larger  than  y. 

The  proof  of  this  result  is  an  application  of  Ljuateralk-Schnlrelaann  theory  to  the 
even  functional  ♦  to  ahow  that  ♦  has  at  leaat  j  pairs  of  distinct  critical  points. 
This  theorea  is  tha  best  result  (concerning  the  nuaber  of  solutions)  one  can  generally 
expect. 

Now  suppose  that  8  ia  the  unit  disc  D  in  N2.  (For  simplicity  we  shall  restrict 
ourselves  to  H2,  but  the  saae  ideas  can  be  used  for  aoro  general  sets  8  C  rf* ,  n  >  2, 
which  are  rotationally  eyaaetrlc  about  one  rotation  axis). 

Using  polar  coordinates  (t,l)  on  0,  D  -  {(r,6)  i  0  «  r  «  1,  i  <•<»),  assuae, 
aoreover,  that  the  function  g  depends  only  on  r  and  u  t  g  -  g(r,u). 

In  that  case,  the  result  stated  in  Theorsa  A  is  no  longer  vary  informative  any  aore. 


Indeed,  with  u(r,9)  any  solution  of 


(4) 


-  J  (rur)r  -  u#e  -  g(r,u)  in  D 

u  •  0  on  3D  , 

the  function  l|  u  defined  by  Kg  u(r,9)  ■  u(r,8  ♦  #0>  ia  for  any  9Q  alao  a  aolution  of 
0  0 

(4).  Banco,  tha  axiatanco  of  ona  aolution  u  for  which  Ug  %  0,  ianediately  inpliaa  tha 
axiatanea  of  infinitaly  many  aolutiona • 

Calling  two  functiona  Uj  and  u2  aacaatrically  diat inct  (aa  in  [2] )  if  RgU^  *  u2 
for  all  9  e  (-*,«),  ona  thua  naada  atataaianta  about  tha  axiatanea  of  geoawtrically 
diatinct  aolutiona  of  (4). 

Somm  other  obvioua  terminology  that  will  ba  via  ad  in  tha  aeguels  functiona  (aolutiona) 
which  do  not  depend  on  9  will  ba  called  radial  functiona  (aolutiona),  and  tha  o there 
non-radlal .  An  eigenvalue  of  (3)  will  ba  called  radial  or  non-radial  depending  on 

whether  the  correaponding  eigenfunctiona  are  radial  or  not.  Ihia  nakea  aanaa,  ainca  the 
eigenvaluea  and  correaponding  eigenfunctiona  (nodulo  an  arbitrary  rotation  Rg )  are  given 
explicitly  by 

(3)  a0«30,.*>' 
and  for  k  e  B 

(6)  •£-£.'  Jk<3k,«r>*1"  **' 

where  J^,  k  (  IU  {0}  are  Baaaal  functiona  of  tha  flrat  kind  and  denote  the  e-th 

,  0. 

atrictly  poaitive  aero  of  Jj,.  Grouped  together  in  thia  way,  1^)^  are  tha  radial,  and 
{uk>.  are  tha  non-radial  aiganvaluaa.  (It  ia  well  known  that  all  aaro’a  of  diatinct 

Baaael-functiona  are  different  (aaa  Nataon  (3,  p.  485)).  Banca,  nodulo  rotationa  of  tha 
eigenfunctiona,  each  eigenvalue  ia  aiaple). 

For  aubquadratlc ,  convex  (inatead  of  even)  functiona  G  ”  G(u),  Ooata  and  will  an  [4] 
proved  tha  axiatanea  of  at  laaat  j  -  k  non-radlal,  geeMtrically  diatinct  aolutiona  of 

(4)  if  G  aatiaflaa 

!$  X.  <  lie  inf  \  X  , 

*  |u|+0  |u|a  3 

where  X^.X^  are  auch  that  all  aiganvaluaa  in  1X^,1^]  are  non-radlal. 
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Struve  [5],  requiring  G  to  be  superquadratic  at  Infinity,  l.a. 

(>})  Thar*  exist  numbers  u  >  2  and  R  >  0  such  that 

G'  ( •  ,u)u  >  |*G(  *  ,u)  for  all  u,  |u|  >  R  i 
moreover,  g  satlafias  tha  usual  Sobolev  growth  condition  at  infinity! 

|g(*,u) I  <  a  axp( 0(u) )  , 

2 

for  seas  mbar  a  and  seas  function  0,  with  0(u)|u  ♦  0  as  fu I  ♦  • 

obtained,  without  convexity  or  evenaas  assumptions ,  the  existence  of  Infinitely  many 
distinct  radial  solutions  of  (4)  by,  essentially,  reducing  the  problem  to  a  one- dimensional 
problaa  and  exploiting  the  nodal  structure  of  solutions  to  distinguish  between  thee. 

In  this  paper  we  shall  prove 1 
WORM  B. 

Suppose  that  the  function  G  satisfies  condition  (Bg)  and  (Rj),  and  condition 
(R2>y  for  scan  y  >  X*,  ]  «l. 

Then  problaa  (4)  has  at  least  j  geometrically  distinct  (pairs)  of  solutions*  in 
fact,  (i)  at  least  k  radial  solutions  and  (ii)  at  least  1  non-radial  solutions,  where 
k  and  t  are,  respectively,  the  number  of  radial  and  non-radial  eigenvalues  not  larger 
than  Xj. 

The  proof  of  this  result  is  an  application  of  Ljusternik-Schnirelnann  theory  to  the 
functional  4  restricted  to  the  set  of  radial  functions  (for  (i>),  and  to  the  functional 
9  restricted  to  the  set  of  functions  which  are  odd  in  S  for  (ii).  These  restricted 
sets  are  natural  constraints  tor  the  original  couple  (0,  H^(D,S))  in  the  sense  as  defined 
in  (6]  (see  section  2).  Hors  specific  information  about  the  non-radial  solutions  can  be 
obtained  using  the  idea  of  naturally  embedded  sets  ((6),  see  section  2).  Roughly  speaking, 
let  for  k  el,  h£(D)  denote  the  set  of  functions  which  are  dsfinad  on  D  as  the 
restriction  of  functions  u(r,0),  (r,9)  e  (0,1J  x  R  which  are  odd  and  2* A-periodic  in 

0  and  which  satisfy  the  boundary  condition  u(1,0)  •  0  for  all  OCR.  In  particular, 
if  u  «  r£(d),  then 

u(r,0)  “  -u(r,-0)  *  u(r,0  +  ~)  for  all  r  «  (0,1),  III, 
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and  a  hu  2k  "nodal  lines") 

u(r,  J  •  n)  -  0  tor  r  e  10,1),  n  e  1,  -k  <  n  <  k  . 

These  aata  H® (o>  turn  out  to  ba  natural  eonatrainta  for  tha  problem  at  hand.  8 Inca 
■^(D)  C  h^(d)  for  all  a  d  ■,  we  shall  say  that  u  e  h£(D)  has  minimal  period  2»A 
If  u  $  8^(0)  for  any  m  6  U,  ■  >  1. 

maw  ■' 

With  tha  aaaia  conditions  as  In  Theorem  B,  wa  hava  additionally! 

(a)  for  aaeh  k  6  ■  for  which  W*  <  Y,  thara  axlsts  at  laast  ona  non-radlal 
solution  of  (4)  which  la  a  solution  of  tha  following  minimisation  problem i 

(7)  inf{t(u)  t  u  e  H®(D)>  . 

Horaovar ,  any  solution  of  this  minimisation  problaa  has  mlnlaal  parlod  2t/k. 

(b)  Por  ovary  coupla  (k,m)  e  8  *  8  for  which  l»*  <  Y»  thara  axist  at  laast  a 
distinct  solutions  of  (4)  with  parlod  2s A. 

Tor  suporquadratic  functions  6  wa  shall  prows  tha  following  result  which  Is 
ccaplaawntary  to  known  results  for  radial  solutions  in  that  casa  (cf.  Strums  [5] ) . 

TWOMM  C. 

Suppose  that  tha  function  G  satisfies  conditions  (H0)  and  (H3>  and  that,  aoroowsr, 
tha  function  u  *— >  g(*,u)  is  locally  Llpechits  continuous. 

Than  thara  axist  a  mataar  kg  e  ■  and  a  sequence  {u^},  It  (  I,  k  >  kQ,  of 
gooMtrically  distinct  non-radlal  solutions,  for  which  tha  minimal  period  in  0,  to  bo 
denoted  by  t^,  satisfies  <  2»A  for  all  k  e  ■. 

Tha  proof  of  this  theorem  is  an  application  of  tha  Mountain  Vasa  Learns  (Ambrosetti  and 
Rabinowlts  [9] )  to  tha  restriction  of  tha  functional  0  to  tha  naturally  anbaddsd  sets 
s|j(D)  for  each  k  «  ■  sufficiently  largo. 

Under  slightly  mors  stringent  conditions  on  g  we  can  obtain  solutions  u^  as  in 
theorem  C  which  hava  minimal  parlod  precisely  2vA  and  which  are  characterised  as  the 


solutions  of  s  specific  minimisation  problem.  To  thst  end  we  nssd  the  following 
issmptioni 

(H4)  The  function  u  ►— >  g(*,u)  is  C1,  end,  with  g'  the  derivative  of  g  with 
respect  to  u,  the  following  conditions  sre  setisfiedi 
(i)  G( • ,u)  >  0  for  ell  u  *  0, 

(ii)  -  g(‘,u)*u  >  0  for  ell  u  *  0. 


Suppose  thst  G  sstisfies  (H0),  (B3)  end  (H4>.  If  g* <*,0>  -  0,  let  kg  »-  1,  end 

if  g'(*,0)  *  o  let  k0  6  ■  be  such  thst  g't*>0)  <  p*  . 

0 

Then  there  exists  s  sequence  (v^),  k  e  ■>  k  >  kQ,  of  geometrically  distinct  non- 
redisl  solutions  for  which  the  nininal  period  in  8,  tk#  is  given  by  Tk  »  2» A. 
Furthermore,  for  k  >  kg,  is  s  solution  of  the  following  minimisation  problem 

(8)  lnf{g(u)  i  u  8  , 

where  is  a  natural  constraint,  given  by 


Mk  i“  {u  «  Sk(D)\{0}  i  ]  | Fu| 2  •  J  g( •  ,u)u}  . 

0  0 


WWAKX.  Is  we  shell  see  from  the  proof,  the  minimisation  problem  (8)  is  an  explicit 
formulation  of  a  mini-max  expression  for  the  functional  ♦  on  h£(D) .  In  fact,  for 
k  >  kg,  and  with  Sk(D)  »■  tv  e  Hk<D)  »  Ivl  “  l}  the  unit  sphere  in  Hk(o),  for  any 
v  8  8k(D)  condition  (R4)  implies  that  the  function  3  p  t—  >  t(pv)  has  a  unique 

4k  * 

critical  point  P  •  P(v) ,  at  which  point  this  function  is  maximal.  Moreover,  there  exists 
pg  >  0  such  that  P(v)  >  PQ  for  all  v  C  s£(D),  which  implies  that  Mk  is  given  by 
Mk  “  (p(v)v  t  v  e  s”  ( D ) }  and  that  (8)  is  an  explicit  formulation  of  the  following  mini¬ 
max  problem  for  the  functional  ♦  « 


(9) 


inf 

v88k(D) 


max  t(pv)  . 

p>0 


In  auction  2  we  shall  recall  for  the  readers  convenience  the  concepts  of  natural 
constraint  and  naturally  embedded  sets.  The  non-radial  solutions  for  the  problem  at  hand 


will  ha  ooulltnd  la  aactloa  3,  and  tha  radial  solutions  la  aaotloa  4.  Xa  that  laat 
■action  alao  aa  aaaapla  is  firm  o f  tha  uaa  of  “for cad*  natural  ooaatralata  to  proa  Ida  a 
apaelflo  char actor isat Ion  of  tha  noda  of  ona  of  tha  radial  solutions. 

Aftar  tha  ceaplation  of  this  manuscript  X  laarnad  frost  Paul  H.  Rab inowl ta  that  ha  had 
ohtalnad  at  tha  sama  tiaa  tha  multiplicity  raault  of  fhaoroa  C  la  a  completely  dlffarant 
way.  X  thank  hin  for  drawing  ay  attention  to  tha  rafarancaa  [10]- [12]  ralatad  to 
proposition  8.  and  David  0.  Costa  for  savaral  convar sat ions. 


2.  OEFIMITIOHS 


In  (6]  the  Motion  of  natural  constraint  was  introduced,  it  generalizes  related 
concepts  that  have  been  used  by  several  authors  (see  e .g.  Berger  [7,  Chapter  6],  Nehari  [8] 
and  other  references  in  [6]). 

For  the  definition  we  use  the  following  notation.  For  a  set  E  and  a  ^-functional 
♦  on  E,  we  denote  by  S(+,E)  the  set  of  critical  points  of  t  on  E. 

DEFimriow  i. 

A  subset  E  of  e  will  be  called  a  natural  constraint  for  the  couple  (+>E)  if 
S(+.E)  C  S(t.E),  i.e.  if  any  critical  point  of  the  functional  ♦  restricted  to  the  set 
B  is  also  a  critical  point  of  ♦  on  E. 

In  [6] ,  a  restricted  kind  of  natural  constraints,  namely  naturally  embedded  sets,  has 
been  found  useful  in  the  study  of  periodic  solutions  of  Hamiltonian  systems.  For  the 
problem  at  hand,  this  seme  concept  will  provide  rather  detailed  information  on  the  nodal 
structure  of  the  non-radial  solutions. 

DBFIMITIOH  2. 

A  mapping  *  >  E  *  E  C  E  will  be  called  a  natural  embedding  for  the  couple  (t,E), 
and  E  defined  by  E  :•  #E  will  be  called  a  naturally  embedded  set  for  (8«E)  if. 

(1)  the  functional  ?  defined  by  ji  i*  i  E  ♦  R  belongs  to  C1(E,»,  and 
(li)  for  every  x  8  S(?,E)  it  holds  that  #x  e  5(t,E). 

It  must  be  noted  that  by  restricting  to  a  subset  E  and  considering  S(9,E)  instead  of 
5(t,B),  one  may  not  find  all  the  elements  of  S(t,E).  Put,  as  is  clear  from  the  results 
stated  in  the  foregoing  theorems,  this  possible  loss  of  information  is  greatly  compensated 
in  Theorems  b  and  C,  and  provides  more  specific  properties  of  certain  solutions  in  Theorems 
B'  and  D. 
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3.  HOW-RADIAL  SOLOTIOW8 


For  the  problem  At  hand,  with  4  given  by  (2),  standard  regularity  results  for  (4) 


imply 


S(4, H (D) )  C  E  (u  1  U  e  c2(0)  <"»  C®(D)}  , 


where  H(D)  s  fi’to.B). 

In  this  section  we  shall  look  for  non-radial  solutions  of  (4),  by  investigating 
critical  points  of  4  that  are  odd  in  9  (the  only  radial  solution  which  is  odd  in  8  is 
the  trivial  one).  In  that  way  we  get  rid  of  the  rotational  syooeetry  of  the  problee. 

To  that  end  we  essentially  solve  the  equation  on  a  semi-disc,  say  the  upper  half,  with 
Dirichlet  boundary  conditional 

-(ru r)r  -  —  u69  -  g(r,u)  in  S  -  {(r,6)  t  r  e  (0,1),  9  e  (0,w)} 

(3.1)  u(r,0)  *  u(r,*)  -  0  for  r  e  [0,1) 

u(1,9)  m  o  for  8  e  [0,w]  , 

and  continue  the  solution  in  an  odd  way  to  the  lower-half  of  the  disc.  We  denote  this 
continuation  by  C  s  if  v  is  defined  on  S,  then  Cv  is  defined  by 


Cv(r,9)  »• 


v(r,8)  for 
-v(r,-8)  for 


0  <  8  <  s 
-w  <  8  <  0  . 


2 

For  solutions  of  (3.1)  it  turns  out  that  this  continuation  is  C  ,  therefore  supping 
classical  solutions  of  (3.1)  onto  classical  solutions  of  (4). 

With  R(8)  >>  H1 (8,R) ,  define  the  following  sets  of  odd  functions 

H°(D)  «-  {Cv  i  v  8  H(S )} 

and 

E®  •  {u  8  E  i  u  is  odd  in  8}. 

Furthermore,  let  4  he  the  functional  4  restricted  to  functions  defined  on  S: 

(3.2)  4<v)  «-  5  S  |7vj2  -  /  G( •  ,v) 

S  S 
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(i)  S( ♦,H0(D>)  S  C(S<4, H(8>)  C  B° 

(ii)  S(4»H®(D))  C  S(4,H(D)),  i.e.  H°(D)  is  a  natural  constraint  for  (4#H(D)). 

(iii)  4(Cv)  ■  24(v)  for  any  v  e  H(S). 

Prooft 

Suppose  u  e  S ( ♦» H° ( D ) ) .  Then  u  satisfies  the  equation 

-Au  -  g(r,u)  “  f(r,8)  in  D  , 

for  soaie  function  f  which  is  even  in  6.  since  u,  and  consequently  Au  and  g(r,u) , 
are  odd  in  6,  the  left  hand  side  is  an  odd  function  of  6,  frost  which  it  follows  that 
f  must  vanish  identically.  Consequently,  u  satisfies  the  differential  equation  in  D, 
and  also  the  hoswgeneou*  boundary  conditions  on  30.  Therefore,  u  la  a  classical 
solution  of  (4),  which  proves  part  (ii)  of  the  leana.  Moreover,  since  u  e  C2( D),  we  have 
in  particular  u(r,0)  -  u(r,«)  -  0  for  r  e  [0,1].  Hence  u  “  Cv,  with  v  e  H(S)  a 
solution  of  (3.1).  Since  any  solution  of  (3.1)  is  a  critical  point  of  4  on  H(S),  it 
follows  S(4,H°(D))  C  C(5(4,H(S)>).  on  the  other  hand,  let  v  eS(4,H(S)).  Then  v  is  a 
classical  solution  of  (2.1),  and  Cv  e  C^D).  In  the  lower-half  disc  Cv  satisfies  also 
the  differential  equation,  and  from  this  it  readily  follows  that  Cv  e  C2(0).  Hence 
Cv  e  B°  is  a  classical  solution  of  (4),  which  shows  C(S(4» H(S)))  C  S(4,H(D)).  Together 
with  the  reversed  inclusion  obtained  above,  this  proves  (i).  Part  (iii)  is  an  iemediate 
consequence  of  the  definition  of  the  functional  4  and  the  continuation  napping  C .  ■ 

Kith  the  foregoing  leraa,  part  (ii)  of  Theoren  B  is  an  imnediate  consequence  of  the 
following  result. 

PROPOSITION  4 

Suppose  that  the  function  G  satisfies  the  conditions  of  Theoren  B.  Then  S(4,h(S)) 
consists  of  at  least  t  distinct  (pairs)  of  elements. 

Proof.  Since  the  functional  4  and  the  set  H(S)  are  invariant  for  the  action  of  the 
group  l2  *  (id,  -  id),  standard  Ljusternik-Schnirelnann  theory  nay  be  applied  with  the 
genus  of  syametric,  compact  subsets  of  H(S)\{0)  as  index  theory. 
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To  that  and,  first  observe  that  bscsuss  of  oonditiOD  (H,),  tha  functional  4 
aatiafias  tha  Palais-aula  condition  on  H(S)  (cf.  e.g.  Clark  [1]).  moreover,  again 
because  of  condition  (H<|),  it  can  be  shown  that  4  la  ooerclee  on  H(s),  i.a.  4(e)  +  » 
as  lei  ♦  •,  so  that ,  in  particular,  4  is  bounded  fro*  below  on  B!8) . 

Furthermore,  let  ,  1  <  m  <  i,  be  the  non- radial,  odd  eigenfunctions  of  (3)  with 

eigenvalue  not  larger  than  Xj.  Denote  by  e*B* ,  1  <  ■  <  1,  the  restriction  of  u**'  to 

the  upper-half  disc  S.  then  e'a*  e  H(S).  Consider  for  p  >  0  the  set 

EP  i"  (e  “  £  o  v(B)  i  a  *  *  for  1  <  ■  <  i»  lei  •  p}  . 

■-1 

this  set  has  genua  i,  and  Ljusternik-Schnirelnann  theory  glees  the  existence  of  at  least 
t  distinct  pairs  of  critical  points  for  4  1*  4<EP>  <  0  for  sows  p  >  0. 

In  order  to  estimate  4(£p),  note  that  v*"* ,  1  <  a  <  C  are  the  eigenfunctions  of 
problem  (3)  on  the  domain  8  for  which  the  eigenvalues  are  not  larger  than  X^.  As  a 
consequence,  for  any  v  e  Ip  we  have 

J  IVe|2  <1>*X  J  e2  . 

0  3  D 

On  the  other  hand,  condition  (Hj^  implies 

G(r,v)  >^Ye2  tox  |e|  sufficiently  small. 

Thus  it  follows  that 

J  G(r,e)  >  Y  J  e2  for  all  e  8  Ip,  p  sufficiently  small. 

8  8 

Since  Y  these  two  inequalities  imply  that  4<lP>  <  0  for  p  sufficiently 

small.  This  completes  the  proof.  '  " 

In  order  to  investigate  the  nodal  structure  with  respect  to  the  angle  variable  8  in 
more  detail,  we  introduce  naturally  embedded  sets  H®  of  H°. 

To  that  end,  from  now  on  we  will  think  of  the  function  u  8  H°(D)  as  being  defined 
for  all  988  and  periodic  in  9  with  period  2e.  Defining  a  napping  for  k  8  ■ 

by. 

i*  v(r,k6)  , 
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the  Ntl  H®(D)  will  be  defined  by 

H®(D)  «-  •kH°(D>  . 

b£(D)  can  ba  interpreted  aa  tha  aet  of  odd,  2* /k  periodic  function*  ( "superharmonic 
function*”).  Yha  restriction  of  the  functional  ♦  to  H®(D)  da fin* a  a  functional  4k 
on  H® (0)  according  to 

♦k  • 

Than  <>k  6  c1(H°(D),K).  it  ia  not  difficult  to  aaa  that 

•kS(fk,H°(D))  C  S<*,H°(D)>  , 

which,  by  definition,  weans  that  h£(D)  ia  a  naturally  asbaddad  aat  for  the  couple 
(t,H°(D)),  with  *k  the  natural  aabedding.  Iharafore  we  ahall  investigate 
S(tk»H°(D)),  aa  each  elaaant  of  this  aet  givaa  riae  to  a  solution  of  the  original  problem 
(4)  which  is  odd  in  6  and 

Because  of  leasts  3  (i),  we  can  instead  of  S(+k,H°(D))  consider  S(4k,R(s)),  where 
♦k  e  c’dld))  is  defined  by 

<3. 3)  4k(v)  «-  q^v)  -  j  GC,v>  , 

with  tha  quadratic  functional 

Ite  2  2  ^  W  1  1 

qk<*>  -  J  J  j  rvr®r®®  +  k  I  I  j  r  veedrd8  * 

00  00 

Hereafter  we  ahall  need  the  following  relation  between  the  eigenvalues  and  -functions  of 
problem  (3)  and  the  eigenvalue  problem  on  S  associated  with 
PBOBOeiTIOH  1.5 

Let  k  «  The  solutions  of  the  variational  problem 

2 

(3.4)  stat{q.  (v)  «  v  e  H(S),  J  v  -  1> 

s 

(i.e.  the  eigenfunctions  of  the  eigenvalue  problem  associated  with  qk)  are  given,  up  to 
some  normalisation  coefficient,  by  the  functions 
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B<r,6>  :■  *  *  *#  •  *  *  , 

lot 

and  tha  corresponding  eigenvalues  ara  l»s  • 

In  particular,  up  to  a  no  realization,  tha  function  vk<1  ia  tha  aolution  of  tha 
■minimization  problaai 

lnf{q.  (v)  »  v  «  B(S) ,  J  v2  "  1}  . 

8 

Conaaquantly, 

q^v)  >  ■j  u*  J  v2  for  all  v  «  B(S)  . 

Proof i 

It  ia  aaaily  verified  that  if  v  ia  any  aolution  of  (3.3),  than  tha  function  t^Cv 
ia  a  aolution  of  tha  eigenvalue  problea  (3)  on  D,  with  X  “  q^lv),  and  conversely,  if 
u  ia  any  aiganf unction  of  (3)  on  D  which  belongs  to  b£(D),  i.a.  u  “  I^Cv  for  sows 

5 

v  e  H(S),  than  v,  normal i sad  such  that  /  v  «  1,  ia  a  solution  of  (2.4)  and  q^tv)  ia 

8 

tha  elganvalua  corraaponding  to  u.  ha  tha  functions  vka,a>  dafinad  above,  ara  auch  that 

“  VVkw,.<r'#>  ' 

tha  concluaiona  of  the  propoaition  follow  iwwediately.  * 

With  theae  praparationa  wa  can  now  easily  give  tha 
Proof  of  Theorem  B*. 

Wa  shall  prove  tha  thaoraw  by  considering  tha  functional  on  B(8).  In  fact,  the 

minimization  problem 

(3.5)  lnf{#k(v)  «  v  9  B(S)> 

is  equivalent  to  tha  niniaization  problea  (7),  in  tha  sense  that  if  u  e  h£(D) ,  with 
u  -  *kCv,  v  e  H(8) ,  then  u  ia  a  solution  of  (7)  iff  v  is  a  solution  of  (3.5).  Just 
as  for  tha  functional  +,  it  way  be  verified  that  ^  on  B(8)  satiafias  tha  Palaie- 
awala  condition.  Purthaxwora,  sines  ^(v)  >  ♦(▼)  for  all  v  e  B(S)  and  *  is  coercive, 
+k  ia  coercive  on  B(8).  Consequently,  tha  ainini ration  problaa  (3.5)  has  a  finite  value 
and  tha  infiwuw  is  attained  at  sows  point  Vq  «  B(S).  To  show  that  v,  is  nontrivial  if 
0  satiafias  (Hj)^  with  y  >  t»k»  nota  that,  as  in  tha  proof  of  proposition  4  wa  have  tha 
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following  Mtlaitt  (using  proposition  5  and  tht  function  »k),  dsflnsd  thorn) 

"*S\i)  •  i  G<*'pTk,i) 

<  -  Y)  J  v*  ^  <  0  for  |p|  sufflciantly  aull. 

Froai  this  it  rssdily  follows  that  tha  solutions  of  (3.4)  ars  nontrivial.  With  v  any 
solution  of  (3.5),  tha  function  *kCv  is  a  solution  of  (4)  and  has  pariod  2r/k.  Tha 
statasant  that  any  solution  of  tha  sdniaisation  problasi  (7)  has  2*  A  as  its  nininal 

pariod,  follows  froai  tha  fact  that  any  solution  of  (3.5)  is  sign  dafinita  on  S.  To  show 

this,  nota  that  with  v  e  H(S)  also  tha  poaitiva  part  v+(»)  i»  *ax(0,v(*))  and  tha 
negative  part  v”(#)  «■  sOn(0,v(»))  belong  to  H(S)  and  dk(v)  “  ^(v*)  +  ♦k(v  >*  hence, 
if  v  is  a  solution  of  (3.5),  tha  asswption  v*  )  0  |  v‘  luplios  that 
*ln(4k<v^),4j[(v  ))  is  lass  than  tha  infianas  dafinad  in  (3.5),  contradicting  tha 
assusption  that  v  is  a  soltulon  of  (3.5).  This  coatplatas  tha  proof  of  part  (a). 

For  tha  proof  of  part  (b)  ona  usas  Ljuaternik-Schniroluann  thaory  for  tha  functional 

on  H(3)t  sines  U*  <  Y.  it  follows  that  ♦k(IP)  <  0  for  p  >  0  sufflciantly 

aawll,  whara 

si 

r  -  {v  -  l  o.v.  .  i  a .  0  K,  1  <  j  «  ■»  Ivl  -  p}  . 

j.t  3  *'3  3 

Sines  tha  genus  of  1°  ia  a,  tha  existence  of  ■  pairs  of  solutions  (*v1# ...,tva) 
follows,  and  •  Cv ,  t  <  j  <  »  ara  tha  corrasponding  solutions  of  (4),  which  hava  pariod 

*  J 

2s  A.  " 

jmn.  As  wa  hava  saan,  any  solution  v  of  tha  uiniuirstion  problem  (3.5)  is  sign- 
dafinita  on  S,  which  iapliad  that  tha  corrasponding  solution  *kCv  of  (4)  has  2sA  as 
its  ainiwal  pariod.  Without  additional  conditions  on  G  it  cannot  ba  dacidad  if  tha  aaae 
is  trus  for  tha  othar  solutions  found  in  part  (b)  of  Thaoraw  1'.  Howsvar ,  undar  tha 
additional  condition  that  0  satiafias 

G(*,u)  <  V2 for  all  u  d  *  , 
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it  can  b»  shown  that  all  tha  critical  polnta  of  4k  on  B(S)  give  riaa  to  aolutiona  of  (4) 
which  haw*  2* A  at  minimal  period  (cf.  [6]). 

Using  tha  saaa  idaaa  aa  before,  Theorem  C  ia  a  oonaaquanca  of  tha  following 
propoaition. 

PjjOPOBITIOM  6 

Lot  G  satisfy  conditions  (B0)  and  (Hj),  and  auppoaa  that  tha  function  g(r,u)  is 
locally  tipschits  continuous  in  tha  variable  u. 

Than  there  exists  a  number  k0  8  ■  such  that  for  all  k  el,  k  >  k0,  tha  functional 
4k,  defined  in  (3.3),  has  at  least  one  nontrivial  critical  point  v  on  H(8).  For  such 
a  critical  point  v,  tha  function  *kCv  is  a  solution  of  (4)  with  period  2w/k. 

Proof. 

Since  G  satisfies  (B3),  the  functional  +k  is  neither  bounded  from  below  nor  from 
above  on  H(S).  Ms  shall  use  the  well-known  Mountain  Pass  T ( Anbrosattl  and  Rabinowita 
[9] )  to  prove  the  existence  of  a  critical  point. 

For  the  applicability  of  this  learn,  the  Palais-Male  condition  has  to  be  verified, 
for  functions  G  which  satisfy  condition  (83),  this  is  a  standard  result  (sea  e.g.  [9]). 
Mext  define  a  number  Ck  by 

Ck  i«  inf  max  ^(v)  , 

where  ’max'1  is  taken  over  the  points  of  a  continuous  path  in  H(S)  connecting  two  points 
Vq  and  v1  in  H(8),  and  *inf"  is  taken  over  all  the  paths  with  this  property.  Then  the 
Mountain  Pees  Imama  statee  that  ^  is  1  critical  value  of  #k  if 
Ck  >  max(4k(v0)  .^(v,)). 

Me  shall  take  v0  8  0  and  for  v1  any  point  in  B(S)  with  sufficiently  large  norm, 
say  lv,l  >  1,  for  »d>ich  ^(v,)  <  ^(Vp)  *  «»•  existence  of  points  v,  with  this 

property  is  an  easy  consequence  of  condition  (Bj).  Therefore  it  remains  to  show  that 
is  strictly  positive  for  all  k  8  ■  sufficiently  large.  To  that  end  note  that,  since 
Q(*,Q)  •  g* ( •  ,0 )  ■  0,  and  since  g  ie  locally  Upschits,  there  exists  eonstants  M  >  0 
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G( • ,u)  <  Vi  Hu2  for  *11  u  e  »,  with  |u|  <  4  . 


With  proposition  5,  and  th«  continuity  of  th*  embedding  of  HIS)  in  Lp(S)  it  readily 
follows  that  for  some  pQ  <  1  and  all  p  <  p0: 

(3.7)  ^(u)  >Vi(W]|  -  M)  J  u2  for  all  u  e  H(S),  lul  -  p  . 

S 


Since  as  k  ♦  •,  there  exists  kQ  e  ■  such  thet  uj  -  M  >  0  for  all  k  >  k0. 

Consequently#  >  0  for  all  k(l  with  k  >  kQ.  The  proof  is  complete  once  it  is 
shown  that  Ck  >  0  for  k  >  kg.  Asstae,  on  the  contrary,  that  Ck  ■  0  for  k  >  kQ. 

Then#  for  any  p  <  pQ#  there  exists  a  sequence  of  functions  (vn>  for  which  6k ( vn )  ♦  0 
as  n  ♦  •#  and  I v^l  -  p  for  all  n  e  nils  sequence  has  a  subsequence,  again  to  be 

A 

denoted  by  vn,  that  converges  weakly  in  H(S)  to  seme  element  v  e  H(S).  Then  vn 

m  2 
converges  strongly  to  v  in  L2(S).  Since  6k ( vfl )  ♦  0,  it  follows  that  J  v  ♦  0,  thus 

a  8 

v  -  0*  Pro*  this  it  follows  that  J  G(*,v  )  ♦  0  as  n  ♦  since 

S  n 

♦k(v)  -Vfclvl2  +  (k2  -  1)  j  Vi-lj  v69  -  J  GO.v).  we  have  ♦ (v  )  >Vfep2  -  J  GC,v  ). 

Sr  S 

This  contradicts  the  assumption  that  +k(vn>  ♦  0.  Hence  Cfc  >  0  for  k  >  k0,  end  the 
proof  is  complete.  ■ 

As  in  the  foregoing,  to  prove  Theorem  0,  we  first  observe  that  there  is  a  one-to-one 
correspondence  between  the  minimisation  problem  (8)  and  the  minimisation  problem 

(3.8)  inff^lv)  i  v  «  Nk)  , 
where  Ny  is  given  by 

(3.9)  -  {v  e  H(S)MO)  j  2q|t(v)  -  )  gC,v)v)  . 


In  fact,  if  v  is  any  solution  of  (3.8)  which  is  sign  definite  on  S,  then  f^Cy  is  a 
solution  of  (S)  which  has  minimal  period  2vA,  and,  conversely,  if  u  8  H®(D),  with 
u  “  •^Cv,  v  e  HIS),  is  a  solution  of  (8),  then  v  is  a  solution  of  (3.8).  Therefore, 
Theorem  0  and  the  remark  following  it,  are  consequences  of  the  next  result. 

PBOPOSITIOW  7. 

Assume  that  G  satisfies  (Hq),  (H3)  and  (H4),  and  1st  kg  e  I  be  defined  as  in 
Theorem  D.  Then,  for  all  k  >  kQ,  th*  minimisation  problem  (3.8)  has  at  least  on* 


solution  v,  which  is  sign  definite  on  8  and  which  satisfies  the  equation  ♦£(  v)  ■  0, 
l.e<  Njj  is  a  natural  constraint* 

Furthermore,  for  k  >  k0,  (3.8)  is  an  explicit  formulation  of  the  mini-max  problem 

(3.10)  inf (sup  +.  (pw)  ■  w  «  8(8),  Iwl  »  1}  . 

p>0 

Proof. 

First  we  show  that  for  k  >  kQ  the  set  is  a  smooth  manifold,  radially 

diffeomorphic  to  the  unit  sphere  8*  «"  (w  e  8(8)  <  Iwl  ■  1)  .  To  that  end,  define  for 
w  0  S1  the  function  fi  ^  ♦  ■  by 

f(p)  <"  iy(P«)  for  p  >  0  . 

Then  f  is  a  C^-function,  f(0)  ■  0  since  fi(«,0)  m  0,  and  f(p)  ♦  «•  as  p  ♦  • 

A  A 

because  of  condition  (B3).  it  P  •  p(w)  >  0  is  any  critical  point  of  f,  write 

A  A  A 

v  i“  p(w)w,  and  the  equation  f (p)  *  0  reads 

T  [2q.(»>  '  j  g(*,v)v]  "  0  , 

P  8 

A  A 

which  implies  that  v  e  conversely,  tor  v  0  Nk,  p  >“  Ivl  is  a  critical  point  of 

f(p)  for  w  •  r  v. 

P  . 

At  a  critical  point  P  of  f,  the  second  derivative  is  given  by 

t"<P)  “  r-j  [3qk(v)  _  J  g*(*,v)v2]  . 

P 

A  A 

0sin9  f'(p)  *  0  it  follows  tram  condition  (8^)  that  ftp)  <  0.  In  other  words,  at  any 
positive  critical  point,  the  function  is  a  strict  (local)  maximum,  which  implies  by  the 
global  behaviour  of  f,  that  positive  critical  points  of  f  are  unique.  Mow  we  show 
that  f  has  indeed  a  positive  critical  point  if  k  >  kg.  In  fact,  for  any  constant 
M  >  0  such  that  M  >  q'(*,0),  it  follows  that  there  exists  a  8  >  0  such  that  S 
satisfies  (3.8).  Hence,  for  some  pfl  >  0  and  all  p,  0  <  p  <  p„,  inequality  (3.7) 
holds.  Consequently,  with  k0  defined  as  in  Theorem  D,  the  function  f(p)  is  positive 
for  p  0  (0,P0),  and  thus,  by  the  foregoing,  for  each  w  0  81  and  k  >  k0,  f  has  a 
positive  maxima  at  its  unique  critical  point.  This  result  provides  the  equivalence  of  the 


-17* 


problena  (3.0)  and  (3.10).  To  ahow  that  Nk  ia  a  anooth  nanifold  for  k  >  kQ>  It  raaalns 
to  ahow  that  0  la  an  isolated  point  of  Nk  U  (0).  This  ia  iaawdiata  tram  tha  fact  that 
for  all  w  8  H(«)  with  Ivl  aufficiantly  snail,  J  g(«,v)v  <  M  j  v2,  wharaaa 

,  ,  ,  as 

3qk(w)  >  It  J  r  >  *  J  »  for  k  >  kfl. 

*  *  s  •  u 

Naxt  wo  shall  ahow  that  ia  a  natural  conatraint.  Tha  oultipllar  rule  at a to a  that 

a  solution  v  of  (3.8)  satisfias  tha  hesttgeneous  boundary  conditions  and  for  seas 
oultipllar  ii  C  I  tha  aquation 

q£(v)  -  g(*,v)  -  |i[2q£(v)  -  g(  •  ,v)  -  g*(*,v)v]  . 

Multiplying  this  aquation  by  »,  and  integrating  over  8,  tha  faot  that  v  e  Nk  and 
condition  (H4)  readily  iaply  that  11  «  0,  which  waa  to  be  proven. 

To  prove  the  existence  of  a  solution  of  (3.8),  note  that  tha  infinuuo  in  (3.8)  is 
finite,  and  in  fact  positive,  so  that  it  suffices  to  verify  that  the  functional  on 

Mk  satisfies  the  Falsis-Msals  condition.  This  verification  proceeeds  along  well-known 
lines  so  that  we  shall  cnit  the  proof.  Finally,  in  ouch  the  sans  way  as  in  tha  proof  of 
Theoren  8',  it  follows  that  any  solution  of  (3.8)  ia  sign  definite  on  8.  This  oaspletaa 


4.  RADIAL  8OLOTIOM8 


In  this  section  we  shall  briefly  lnvaatlgata  radial  solutions  of  aquation  (4),  in 
particular  prova  part  (1)  of  Thsorsa  B.  To  that  and  consider  tha  space  of  radial 
functions  Ht 

H  tm  {u  e  (P(D,R)  i  u(r,9)  •  u(r)}  . 

It  is  easily  verified  that  this  set  is  a  natural  constraint  for  the  couple  (p,R(D) ). 

Proof  of  Theorem  B.  part  (i). 

The  proof  is  a  staple  application  of  the  Ljusternik-Schniralaann  theory  to  the 
Sj-invariant  set  H  and  functional  p,  so  vs  shall  be  brief. 

Since  the  functional  p  is  coercive  on  R  because  of  condition  (H^),  the  folals- 
Sstale  condition  is  easily  verified.  Proa  this  it  also  follows  that  p  is  bounded  from 
below  on  R.  For  all  p  >  0  tha  set  I**  defined  by 

k 

£P  j-  {u< • )  -  l  o  Jq ( j ©  _•>  i  «„  *  R  for  1  <  a  <  k»  lul  -  p} 

■rl 

has  genus  k.  As  a  consequence  of  condition  follows,  as  in  proposition  4,  that 

for  all  v  e  Ipi 

p(u)  <  (u®  -  y )  J  u2  for  p  >  0  sufficiently  saall. 

D 

Renee,  if  Y  >  M®»  the  Ljuaternlk-Schnlrelaann  theory  provides  at  least  k  distinct 
(pairs  of)  critical  points  of  p  on  R,  i.e.  radial  solutions  of  (4),  which  was  to  be 
proved.  ■ 

RMARX. 

The  restriction  to  radial  solution  of  (4),  essentially  reduces  the  problaa  to  a  one- 
diasnsional  problaa.  For  auch  problsas  one  aay  obtain  aultlpllcity  results  by  considering 
subsets  Hk  of  H  which,  roughly  speaking,  consist  of  functions  which  have  precisely  k 
elaple  aero’s  in  (0,1),  and  then  looking  for  critical  points  of  p  on  H^.  This  idea 
has  been  exploited  by  Rtruwe  (5]  for  the  case  that  0  is  superquadratic  (without  evenass 
aseuaption),  to  get  the  result  stated  in  the  introduction. 
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*  _ 

(4.2)  ■J(«f1)  •  inf{J  (Vfcrw*  -  rG(r,w) )  ,  w  e  S’Ue.l],*)}  for  e  <  1  , 


■,(1,1)  -  0 


First  obftrvt  that  tho  infima  in  (4.1)  sad  (4.2)  are  finito  and  ara  attained  for  hm 
functions,  aay  v  and  w,  which  ara  sign  dafinita  on  tha  interval  at  which  thay  arc 
defined,  i.a.  v  on  [0,o]  and  w  on  [a,1] .  M  a  oonaaquanca  of  tha  convexity 
assumption  for  g,  both  v  and  w  ara  unique  solutions  (apart  frost  sign)  of  these 
nininisation  prob lasts .  Frost  this  it  follows  that  tha  functions  n,  and  stj  ara 
oontinuoualy  differentiable,  with  derivative 


0^(0, a)  -  \  rv*  -  Glr.v]^^  -Viev2(e  -  0)  , 

m^a.l)  -  -  '/i  rv2  ♦  G(r,w)]r-#+<)  “  -^ew^le  +  0)  . 

Hence  f  is  differentiable  on  (0,1)  and  if  a  0  (0,1)  can  be  found  such  that 
~  (a)  -  0,  than  v2(e  -  0)  *  w2(o  +  0),  and  tha  function 


u(r) 


* 

v(r)  for  0  <  r  <  e 
w(r)  for  «  <  r  <  1  , 


ia  a  solution  of  tha  original  problem  on  the  interval  [0,1]  and  u  has  precisely  one 
aero,  namely  a. 

A 

we  claim  that  at  least  one  critical  point  •  0  (0,1)  of  the  function  f  can  be 

A 

found,  namely  any  number  «  tor  which  f  attains  its  maximum  value.  Vo  show  that,  it 
suffices  to  prove  that  f(a)  <  0  for  all  a  9  [0,1]  and  that  f  is  not  maximal  at 
a  •  0  or  a  -  1.  lb  that  end  observe  that  there  exist  numbers  e,  >  0  and  a,  <  1  such 
that, 

n,(0,a)  -  0  for  0  <  a  «  a,,  m,(0,a)  is  monotonically  decreasing  for  a  >  a,  , 

*,(0,1)  -  0  for  Uj  <  a  <  1,  *,(0,1)  is  monotonically  increasing  for  u  <  e,  . 

(a,  and  a,  depend  on  the  behaviour  of  g  at  u  ■  0). 

Mow  let  a*  0  (0,1)  denote  the  aero  of  tho  eigenfunction  corresponding  to  the 

D  0 

eigenvalue  u,.  then  e,  <  s*  <  a,.  Indeed,  <  a*  because  W,  is  the  lowest 
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eigenvalue  of  the  eigenvalue  problea  associated  with  tho  interval  [0,a*l,  and,  as 
Y  >  «  it  follows  that  ■•,((>, a*)  <0.  In  tha  seas  way  it  follows  that  a*  <  a2> 

thsss  obssrvations  it  follows  sasily  that  tha  function  f  attaina  its  (negative)  eaxlaua 
at  momm  interior  point  a  €  (0,1),  and  tha  proof  is  collate.  * 
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